ABSTRACT. Let X → S be an abelian scheme over a finite field. We show that for a set of rational primes ℓ of density one, if q ≡ 1 mod ℓ is sufficiently large, then the proportion of s ∈ S(F q ) for which ℓ| X s (F q ) is at least 1/ℓ − O(1/ℓ 2 ). We apply this to study class numbers of cyclic covers of the projective line.
INTRODUCTION
We consider the divisibility properties of the number of points on an abelian variety over a finite field chosen at random from a specified family. Let X → S be an abelian scheme over a finite field F q of characteristic p, and let ℓ = p be a rational prime. As an initial guess one might expect that, as s ranges over S(F q ), the numbers X s (F q ) mod ℓ are uniformly distributed in {0, · · · , ℓ − 1}, so that approximately 1/ℓ members of the family have a point of order ℓ.
On one hand, if X → S is a sufficiently general family (and if F q is sufficiently large relative to ℓ) then this naïve guess is reasonably close to the truth, and the proportion of members of this family with a point of order ℓ is close to ℓ ℓ 2 −1 [2, 4.3] . On the other hand, if X → S is trivial then it acquires a point of order ℓ over a finite extension of the base field, so that for all sufficiently large fields F q every X s (F q ) is a multiple of ℓ.
These special cases, as well as a few other disparate examples [1] , suggest that in any family of abelian varieties over a (sufficiently large) finite field and any prime ℓ invertible in that field, at least 1/ℓ members of that family possess a rational point of order ℓ. In this note, we obtain (Theorem 3.1) a lower bound of the form 1/ℓ − O(1/ℓ 2 ) for a set of rational primes ℓ of density one.
As an application, we explore the divisibility of class groups of rings R d, f := F q [ 
Y, T]/(Y d = f (T)). For various combinations of parameters q, d
and n = deg f , there exist explicit constructions of polynomials f and elements of order ℓ in F q [C d, f ]. Unfortunately, for large q these constructions only account for a vanishingly small proportion of such rings. In this paper, we show that for fixed n and d a rational prime ℓ divides the size of the class group of a positive proportion of rings F q [C d, f ]. Furthermore, if gcd(n, d) = 1, then for a set of primes ℓ of density one this proportion is at least 1/ℓ − O(1/ℓ 2 ).
In Section 2 we prove an estimate concerning representations of Chevalley groups. We use this in Section 3 to prove our main result on abelian varieties. We close (Section 4) by applying Theorem 3.1 to class groups of function fields, and use a detailed study of the space of monic, separable polynomials to provide concrete lower bounds for divisibility of class numbers of rings R d, f .
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CHEVALLEY GROUPS
Let F be a finite field of order ℓ, and letF be an algebraic closure of F. The datum of a reductive group G/F is equivalent to a Frobenius action σ on the reductive group GF; then G(F) ∼ = GF(F) σ . We will use this Chevalley group perspective to explore the geometry and combinatorics of G(F).
Let V be a finite-dimensional vector space over F, and let G → GL(V) be a representation of G. In this section we compute (Proposition 2.2) a lower bound for F (G(F), V), the number of elements of g ∈ G(F) for which there exists a nonzero v ∈ V such that gv = v.
In outline, the argument is as follows. Let T 0 ⊂ G be a maximal, maximally split torus. Then T 0 acts on some line L ⊂ V via a dominant character χ 0 which is defined over F [22, 7.2] [16, 1.12]; at least |T 0 (F)|/(ℓ − 1) elements of T 0 fix L. One would like to show that the same is true in every σ-stable torus T. This need not be true, as twisting χ 0 need not yield an F-rational character of T. Fortunately, this is balanced by a concomitant increase in conjugates of ker χ 0 inside T 0 which also fix some element of V.
The kernel of a character is an extension of a torus by a finite group. More precisely, write a character χ ∈ X * (TF) := homF(T, G m ) as a sum of fundamental weights χ = ∑ n i ̟ i , and let I be the greatest common divisor of all the n i . Then χ factors as the composition of a character χ red , whose kernel is a torus, and the I th power map from G m to itself. By ker(χ) 0 we mean the subtorus ker(χ red ) ⊂ T.
Lemma 2.1. Let T/F be a torus, and let S
Proof. If R 0 is a torus defined over F, and if R 1 ⊂ R 0 is a subtorus of codimension one, then |R 1 (F)|/|R 0 (F)| = 1/(ℓ − 1) (use, e.g., the description in [7, 3.3.5] ). Applying this twice, we have
An element g ∈ G(F) acts on G(F) by conjugation; we denote this action by h → g h := ghg −1 . Two elements h 1 and h 2 are conjugate by g if g h 1 = h 2 . They are σ-conjugate if there exists some g such that
Proof. Let T 0 ⊂ G be a maximal, maximally split torus. Then T 0 acts on some line L ⊂ V via a dominant character χ 0 . Every element of ker(χ 0 )(F) fixes every element of L. Similarly, any F-point of an F-rational torus geometrically conjugate to ker(χ 0 ) 0 also fixes some nontrivial element of V. We proceed to count such elements, using the following device to avoid overcounting. Since χ 0 is dominant, it is not a power of a weight. Therefore, almost all elements of S 0 := ker(χ 0 ) 0 are contained in a unique maximal torus, namely, T 0 . Indeed, t ∈ T 0 (F) is contained in a maximal torus other than T 0 if and only if it is in the kernel of some root, α [12, 24.3] . Therefore, the only tori which contain a given element of (S 0 − ∪ α ker α)(F) are S 0 and T 0 .
The G(F)-conjugacy classes of maximal tori of G are parametrized by σ-conjugacy classes in the absolute Weyl group W 0 = W 0,F := N G (T 0,F )/T 0,F [7, 3.3.3] . Suppose w ∈ W 0 , and let T w be the associated twist. Specifically, choose (via Lang's theorem) an element g = g w ∈ G(F) such that g −1 σ(g) · T 0 = w; then the twist T w is the conjugate g T 0 . Conjugation by g gives an isomorphism from X * (T 0,F ) to X * (T w,F ). Under this identification, the action of Frobenius on X * (T w,F ) corresponds to the action σ • w −1 : X * (T 0,F ) → X * (T 0,F ) [7, 3.3.4 ]. Since we have assumed that χ 0 is F-rational, we see that g χ 0 , which acts on an element g t 0 ∈ g T 0 as g χ 0 ( g t 0 ) = χ 0 (t 0 ), is an F-rational character of T w if and only if w fixes χ 0 . Let Stab W 0 (χ 0 ) be the subgroup of the Weyl group which fixes χ 0 . Let W(χ 0 ) ♯ be the set of σ-conjugacy classes represented by an element of Stab W 0 (χ 0 ).
Fix an element w be any element of
, the conjugate by g of the twisted centralizer of w in W 0 [7, 3.3.6] . Note that g w ′ ∈ W fixes g χ 0 if and only if w ′ ∈ Stab W 0 (χ 0 ).
are not contained in any other conjugate of S (Lemma 2.1). Moreover, after removing the intersection of S with the kernel of each of F-rational root, of which there are at most n, we are left with at least
which fix an element of V and are not contained in any conjugate of S or any other maximal torus. Henceforth, let
The number of tori which are conjugate to T w is |G(F)|/|N G (T w (F))|; the denominator of this expression is |Z W,σ (w)| · |T w (F)|. Therefore, the following expression counts, without repetition, elements of G(F) which fix a nontrivial element of V:
. Now, Stab W 0 (χ 0 ) acts on itself by twisted conjugation; w 1 acts on an element w 2 as w 2 → w −1 1 w 2 σ(w 1 ). Since each of w 1 , w 2 and σ fixes χ 0 , we have
ABELIAN VARIETIES
If X → S is an abelian scheme defined over a finite field F q , let P (X → S, ℓ, F q ) be the proportion of members of this family with a rational point of order ℓ, and let Q(X → S, ℓ, F q ) be the proportion with full rational ℓ-torsion:
If g is a natural number and ℓ is at least 2, let
We now state and prove our main result. Roughly speaking, quantities such as P and Q are determined by the distribution of Frobenius elements; by work of Katz [14] , these Frobenius elements are equidistributed in a certain monodromy group. Larsen [16] describes this monodromy group for a set of primes of density one. We use Proposition 2.2 to count appropriate elements in this monodromy group. 
If, additionally, ℓ is in a set L = L(X → S) of rational primes of density one, then
Proof. Recall the following situation from [14, Chapter 9] . Letη be a geometric generic point of S. The pro-étale cover lim← n X[ℓ n ] → S is classified by a continuous representation ρ ℓ : These groups come with a natural integral structure, and we denote byḠ ℓ and G geom ℓ the reduction of the monodromy and geometric monodromy group, respectively, mod ℓ; these act on V := Xη[ℓ] ∼ = (F ℓ ) 2g . For sufficiently large q, the mod-ℓ Frobenius automorphisms of the fibers X s are approximately equidistributed in the appropriate (depending on q) cosetḠ [14, 9.7.13] . More precisely, suppose that q ≡ 1 mod ℓ, so that the cosetḠ 
Since G geom ℓ ⊆ Sp 2g , the right-hand side of (5) is at least 1/ Sp 2g (
, provided that q is sufficiently large relative to B; this proves the first part of the theorem. For the second part, denote the projection of G ℓ onto its adjoint by π. By [16, 3.17] , there exists a set of rational primes L of density one such that, for all ℓ ∈ L, π −1 (π(ρ ℓ (π 1 (S,η) geom ))) is a hyperspecial maximal compact subgroup of G geom ℓ (Q ℓ ). After possibly removing finitely many ℓ from L, the reduction G geom ℓ (F ℓ ) is the set of points G(F ℓ ) of a semisimple Chevalley group defined over F ℓ of rank at most g. By Proposition 2.2, at least 1/ℓ − ǫ(g, ℓ) elements of G(F ℓ ) fix a nonzero vector in V.
CLASS GROUPS OF FUNCTION FIELDS
Although the Cohen-Lenstra heuristics for number fields [9] remain tantalizingly out of reach, they have inspired detailed studies of class groups of function fields. Friedman and Washington conjectured [11] the probability with which a given abelian ℓ-group occurs as the ℓ-Sylow part of the class group of a function field drawn randomly from all, or even all hyperelliptic, function fields. While this conjecture has been resolved [1] , the situation for other natural families of function fields remains less clear.
Theorem 3.1 immediately shows that ideal class groups of function fields are often divisible by a fixed prime ℓ. 
Proof. For a point s ∈ S(F q ), the class group of the function field of the fiber C s is isomorphic to Jac(C s )(F q ), and Jac(C s ) is isomorphic to the fiber over s of the relative Jacobian Jac(C) → S. The corollary is now a direct application of Theorem 3.1.
We now focus our attention on rings of the form
where f (T) ∈ F q [T] is a monic, separable polynomial of degree n. The class groups of such rings are the subject of intensive investigations [4, 6, 8, 17, 20] . Roughly speaking, these works produce families of such rings whose class num- 
Geometrically, the projective curve 
There exists a set L of rational primes of density one such that if ℓ ∈ L, q ≡ 1 mod ℓ and q is sufficiently large, then The constants implicit in the locution "q is sufficiently large" of Proposition 4.2 depend on ℓ and on the geometry of H n . We analyze H n (actually, a certain cover of H n ) in sufficient detail to provide an effective, albeit probably not optimal, bound for the constant B which occurs in (3). In doing so, we provide a partial answer for a problem implicitly raised in [14, 10.4.3] .
This bound is expressed in terms of Betti numbers of certain covers of H n . If X is a variety over a field k in which a rational prime ℓ is invertible, the i th ℓ-adic Betti number of X is h i (X,Q ℓ ) := dim H i (X ×k,Q ℓ ). The sum of these numbers is σ(X,Q ℓ ), and the ℓ-adic Euler characteristic of X is the alternating sum χ(X,Q ℓ ) :
We will also need to use h i c (X,Q ℓ ) := dim H i c (X ×k,Q ℓ ), the Betti numbers with compact support; the sum of the compact Betti numbers of X is σ c (X,Q ℓ ), and the alternating sum of these numbers is χ c (X,Q ℓ ). If X is smooth, Poincaré duality yields the equality σ(X,Q ℓ ) = σ c (X,Q ℓ ). 
Proof. Given Proposition 4.2, what remains is to provide an effective bound for the constant B occurring in (3) . Fix a geometric pointη of H n . Let K ⊂ π 1 (H n ,η) be the kernel of the mod-ℓ monodromy representation ρ, so that π 1 (
. Observe that |G| ≤ Sp 2g(d,n) (Z/ℓ) , and that if p is relatively prime to Sp 2g(d,n) (Z/ℓ) then it is relatively prime to |G|, too.
A representation ̟ : G → GL m (Q ℓ ) induces a lisse E λ sheaf on H n , denoted F ̟ , for some finite extension E λ of Q ℓ . By [14, 9.2.6.4 and 9.7.13] , for the constant B(Jac(C d ) → H n , ℓ) in Equation (3) one may take 2|G|B ′ , where B ′ is any number such that for all ̟ as above,
By [15, 4.6] , for B ′ one may take any number B ′′ such that for everyétale Galois cover φ :
We provide an explicit value for B ′′ as follows. Let z 1 , · · · , z n be coordinates on affine space A n , and let H n = A n − ∪ i = j (z i − z j ) be the complement of the fat diagonal. It is an irreducible,étale S n -cover of H n . Let φ : Y → H n be anétale Galois cover. Trivially one has σ c (Y,Q ℓ ) ≤ σ c (Y × H n H n ,Q ℓ ). Now, Y × H n H n is a disjoint union of r copies of an H-cover Z of H n , where H is a subgroup of G of index r. By Lemma 4.5, σ c (Z,Q ℓ ) ≤ |H| · σ c ( H n ,Q ℓ ). As noted above, σ c ( H n ,Q ℓ ) = σ( H n ,Q ℓ ) while the calculation σ( H n ,Q ℓ ) = (n − 1)! is essentially the famous result of Arnol'd [3] .
The space H n introduced in the proof of Lemma 4.3 is the braid arrangement studied by Arnol ′ d. In Lemma 4.5 we prove a case of [15, 4.4] optimized for hyperplane arrangements.
Let V/k be an n-dimensional vector space over an algebraically closed field, and let A be a finite collection of hyperplanes in V. The complement of this arrangement is M(A) = V − ∪ X∈A X. Let P ℓ (M(A), t) be the ℓ-adic Poincaré polynomial
Let L(A) be the set of nonempty intersections of elements of A, ordered by reverse inclusion; if X, Y ∈ A, then X ≤ Y if and only if X ⊇ Y. The lattice L(A) has a unique minimal element, V. The rank r A (X) of X ∈ L(A) is the codimension of X in V. We will say that a hyperplane H ⊂ V is generic with respect to V if for each X ∈ L(A) we have dim(X ∩ H) = dim(X) − 1, if r(X) < n, and X ∩ H = ∅ for r(X) = n. Being generic with respect to A is an open condition on the space of hyperplanes in V.
If H ⊂ V is a hyperplane and X ∈ A, let X H = H ∩ V; it is a hyperplane of V. Let A H = {X H : X ∈ A}; it is a hyperplane arrangement inside H. 
Proof. The Betti numbers of M(A) are actually independent of k and ℓ, in the following sense. Suppose that k ′ is an algebraically closed field, V ′ /k ′ is a vector space of dimension n, ℓ ′ is a rational prime invertible in k ′ , and A ′ any arrange- Now let H ⊂ V be a hyperplane generic with respect to A. Recall that if r A (X) < n, then r A H (X H ) = r A (X). The description (7) shows that P ℓ (M(A H ), t) is the appropriate truncation of P ℓ (A, t). 
